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ABSTRACT 

We argue that compactifications on Calabi-Yau threefolds with vanishing Euler num- 
ber yield effective four dimensional theories exhibiting (spontaneously broken) = 4 
supersymmetry. To this end, we derive the low-energy effective action for general SU (2) 
structure manifolds in type IIA string theory and show its consistency with gauged N — A 
supergravity. Focusing on the special case of Calabi-Yau manifolds with vanishing Euler 
number, we explain the absence of perturbative corrections at the two-derivative level. 
In addition, we conjecture that all non-perturbative corrections are governed and con- 
strained by the couplings of iV = 4 massive gravitino multiplets. 
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1 Introduction 

Dimensional reductions of string theory on compact manifolds produce the most promis- 
ing candidates for gravitational theories with UV completions in dimensions lower than 
ten. While many such backgrounds are well understood at the classical level, a com- 
plete understanding of quantum string corrections remains a challenging task. Often, 
supersymmetry provides a powerful tool for controlling these corrections, at least at the 
two-derivative level. 
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In this paper, we focus on a class of theories which, while exhibiting an = 2 
vacuum, admit further (spontaneously broken) supersymmetries. Since these provide 
non-renormalization theorems for some of the quantities in the off-shell supersymmetric 
action, they can help to constrain quantum corrections. Upon supersymmetry breaking, 
masses generated by the super-Higgs mechanism give rise to additional quantum correc- 
tions. However, they also are constrained by the spontaneously broken supersymmetry. 

G-structure manifolds which admit nowhere vanishing spinors (see e.g. (l[]6]) are nat- 
ural candidates for internal spaces on which to reduce the supergravity action to four 
dimensions in a supersymmetric fashion]^ It has been argued in [9, 10 that such re- 



ductions can yield supersymmetric effective theories which do not necessarily possess 
supersymmetric vacuaj^ We want to illustrate in this work how such off-shell supersym- 
metries can help in understanding quantum corrections. 

In the following, our main focus will be on compactifications on Calabi-Yau three- 
folds, an extensively studied class of backgrounds in string theory. These manifolds have 
holonomy group SU{3) and hence permit a covariantly constant spinor rj, as opposed 
to a spinor which is merely nowhere vanishing. Compactifications of type II string the- 
ory on Calabi-Yau threefolds give rise to iV = 2 supergravity in four dimensions. The 
general form of perturbative and worldsheet instanton corrections is completely known 
at the two-derivative level. While the worldsheet instanton corrections are computed by 



Gromov-Witten invariants 15 , the only perturbative a' correction arises at cubic or- 
der and corrects the cubic holomorphic prepotential of the complexified Kahler structure 
B + iJ by a. constant proportional to the Euler number of the Calabi-Yau threefold. Sim- 
ilarly, the hypermultiplet sector gets corrected at one loop string order by a contribution 



which is also proportional to the Euler number 16 , 17 . This means in particular that 
if the Euler number vanishes, there are no perturbative corrections at the two-derivative 
level. The vanishing of these corrections suggests the presence of an additional symme- 
try. Indeed, we will argue that this additional symmetry is a consequence of the Hopf 
theorem. It states that any manifold with vanishing Euler number admits a nowhere 
vanishing vector field v (and vice versa) Applied to Calabi-Yau threefolds, this implies 
that we can define a second nowhere vanishing spinor {v^^Tm)''] that is everywhere linearly 
independent of rj. Therefore, Calabi-Yau threefolds of vanishing Euler number exhibit 
SU{2) structure, in addition to SU{3) holonomy. One might therefore expect that com- 
pactification on such distinguished Calabi-Yau manifolds yields a four-dimensional action 
admitting twice the conventional number of supercharges, albeit off-shell. 

SU{2) structures and reductions on SU{2) structure manifolds have been discussed 
in [l9[]25] . In particular, it was shown that the dimensional reduction of the type II string 
action on an SU{2) structure manifold gives rise to iV = 4 gauged supergravity in four 
dimensions. These reductions take subclasses of SU (2) structure manifolds as a starting 



point, for which certain torsion classes are absent 20l23 24 . As we will explain below 



priori, a G-structure does not necessarily refer to the reduction of the structure group of the 
frame bundle, but can be defined with regard to a larger bundle, such as the generalized tangent bundle, 

conditions for the existence of four-dimensional supersymmetric vacua, see 



11 



14 



^In fact, the nowhere vanishing vector is complex, as can be seen by using the non-degenerate complex 



structure of the Calabi-Yau, see the discussion at the beginning of Section 4.1 More generally, the 



vanishing Euler number on any compact six-dimensional manifold is a necessary and sufficient condition 



for the existence of a pair of vectors that are linearly independent at any point of the manifold 18 . 
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Figure 1: Compactifications on Calabi-Yau manifolds with vanishing Euler number yield = 4 
gauged supergravities with N = 2 vacua. 



Calabi-Yau threefolds of vanishing Euler number always lie outside of these subclasses, 
hence require a more general treatment of SU (2) structure backgrounds. In this work, we 
will perform a reduction of the type IIA action on manifolds of general SU (2) structure. 
The resulting gauged = 4 supergravity will admit N = 2 Minkowski vacua, where 
half of the supersymmetries are spontaneously broken. The effective action with eight 
unbroken supercharges around such vacua yields the N = 2 supergravity of a standard 
Calabi-Yau reduction in type IIA. 

As = 4 gauged supergravity does not permit perturbative corrections at the two- 
derivative level, this would explain their absence for Calabi-Yau threefolds with vanishing 
Euler number. Furthermore, even non-perturbative corrections at the two-derivative level 
are restricted by = 4 supersymmetry. One can thus expect simplifications even at 
the non-perturbative level when compactifying on such Calabi-Yau manifolds, perhaps 
in the form of relations among their Gromov-Witten invariants. In principle, all ten- 
dimensional modes could be rewritten in terms of A^ = 4 massive multiplets in four 
dimensions. The quantum corrections coming from these modes would then all have 
to fit into the framework of A^ = 4 gauged supergravity, yielding further constraints on 
quantum corrections for Calabi-Yau threefold backgrounds with vanishing Euler number. 

This work is organized as follows. In Section [2| we will review basic facts concerning 
SU (2) structures. Section |3] contains the main work on the S'?7(2)-structure reduction 
of the type IIA action to four dimensions, yielding an A^ = 4 gauged supergravity. 
Section 3A_ might be of particular interest, where we discuss the truncation ansatz. In 
Section 3^, we identify the A^ = 4 gauged supergravity in terms of its gauging parameters, 
discuss the four-dimensional gauge group and identify supersymmetric vacua. Section |4] 
contains the discussion of Calabi-Yau manifolds of Euler number zero. The corresponding 
spontaneous breaking of supersymmetry to A^ = 2 is discussed in Section [5j In Section [6} 
we collect and further discuss our results. Details of the reduction have been assembled 
in the rather technical Appendix and the derivation of the gravitino mass matrix is 
performed in Appendix [B} 
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2 Basics on SU{2) structure manifolds 

Let us start by introducing the concept of an SU (2) structure on a six-dimensional 
manifold Y. This section is meant as a brief review of the basic properties of SU{2) 



structures. For more information, see for instance 19-22 



A six-dimensional SU (2) structure manifold Y admits a pair of nowhere vanishing 
spinors rji, i = 1,2, whose norm we fix by imposing 

fj% = 5i. (2.1) 

Based on these, one can introduce a SU{2) triple of real two-forms J", a = 1, 2, 3, and a 
holomorphic one-form via 

r = ^Jli{c7%nilmnrl+^(^x^ A da;^ K = -e'^r^^amV+jdx"' ■ (2.2) 
We have here introduced the notation 

V+i = Vi, V-i = Vt, (2.3) 

where the superscript c indicates charge conjugation. The Fierz identities for these 
spinors can now be parametrized as follows: 



pq 

I ' 

(2.4) 



(v[/+)^ ^ ® r^^_^ =1(1 + A KUnin [5i{l - 7(4)) + ^1 Kcra)lJp,Y' 
i^.)) ^rt_® n-, =1(1 - liK A KU„.rn - 7(4)) - i(a<,)} J^7 

(^o).j = V+^ ® V^j =\K^l"' (e..(l - 7(4)) + /i iM^J^^Y" 

{%r ^v-® vi =\Kmi'^ [e'K^ - 7(4)) - \fi-A<yarw') , 

where {aa)ij = {(^a)^^kj and 7(4) = vol4pqrs 7^'^''^. Taking the products of these bilinears 



and using (2.1) yields the relations 

J» A = (5"Sol4 (2.5) 

and 

K-K = , K-K = 2 , lkJ" = . (2.6) 

Alternatively, one can define an S'f/(2)-structure with no reference to spinors, by spec- 
ifying an SU{2) triple of real two-forms J", a = 1, 2, 3, and a holomorphic one-form K 



which satisfy the conditions (2.5) and (2.6) 



The existence of the one-form K permits the introduction of an almost product struc- 
ture P : TY — > TY on the manifold, defined locally via 

P^^ = K^K^ + K^K'^ - 5^^ . (2.7) 
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The eigenspaces T2Y and T4Y of P to the eigenvalues +1 and —1 respectively yield a 
global decomposition of the tangent space, 

TY = T2Y © TiY . (2.8) 

The subbundle T2Y is trivial, spanned by = Rei^ and = Imi^. 

Let us now discuss the frame bundle over spacetime x Y. We choose a section 
(vielbein)!^ 

= (e^, e") , (2.9) 

where the live in spacetime and depend only on spacetime coordinates. In contrast, 
the = kj{v^ + G^) consist of a one-form in Tg* and two spacetime gauge fields 
(the Kaluza-Klein vectors) that parameterize the fibration of over spacetime, as well 
as the coefficient kj, which is a spacetime scalar |^ Furthermore, the are one-forms on 
T4 such that 

J" = l/^^e"Ae^ (2.10) 

with constant coefficients J^^ that span the SU (2) algebra of complex structures on the 
frame bundle, i.e. 

= e"'"(/');^ - 5"^^^ • (2.11) 



The dual vielbein to (2.9) is 

eA = (e^,i^»,e„) = (9^ - Gj^t),, (/i;"^)^%, e„) , (2.12) 

where Vi is the vector field dual to the vielbein component w*. 

Next, we consider the Levi-Civita connection one-form Q, which is the unique torsion- 
free connection satisfying the Maurer-Cartan equation 

De = de + QAe = 0. (2.13) 

The corresponding curvature two-form is defined by 

R = dn + nAn. (2.14) 

The Ricci tensor (in fiat indices) is defined by contraction with the dual vielbein, 

RicAB = RAiecCB) , (2.15) 

and the Ricci scalar as its trace 

rio = Ric^B5^^ . (2.16) 

Let us decompose the ten-dimensional connection under 5*0(1, 9) — > S0{1, 3) x 5*0(2) x 
50(4) as 

45 = (6,1,1) ©(4,1,4) © (4,2,1) © ((1, 1, 1) © (1, 2, 4) © (1, 1, 6)) , 

(2.17) 

n = uo + [\] + [7] + e , 



^Thc first two equations in ( |2.6[ ) imply that the can be chosen as components of the vielbein. 

^Due to the mixed spacetime/internal components of the ten-dimensional metric, the components K'' 
of the vielbein are not purely internal. We will nevertheless retain the same nomenclature as in (2.2 1 for 
simplicity. 
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where we have called the full 5*0(6) connection G. From the decomposition of the adjoint 
representation of ^0(6) under the breaking S0{6) S0{2) x SO{A) = S0{2) x (5t/(2) x 
^f/(2))/Z2, we find 



so(6) = so{2) ® su{2) © sm(2)' ©(2,2,2), 

(2-18) 



T 



where su{2) is the adjoint of the SU{2) structure group and su{2)' is spanned by the 1°^. 
The so{2) is generated by the almost complex structure /° on Tg*, given by (/°)j- = ^ij- 
The component 9 is the torsionful SU{2) connection. Its internal torsion on T2Y is given 
by T* = dK^ and the component on T4 is 

= de" + e'j^Ae^ = A - rf A (2.19) 

We can also decompose the Ricci tensor group-theoretically. In particular, we are inter- 
ested in the 'symmetric' representation S'^T*Y, which decomposes as 

S'^T*Y =SIt;Y © Rgf^ © SlTlY © Rgf © {T;Y ® T*Y) 

= (2, 1, 1) © (1, 1, 1) © (1, 3, 3) © (1, 1, 1) © (2, 2, 2) . 

Here, the (1, 3, 3) representation SqT^ is spanned by the products of generators of the two 
su{2). In other words, since the elements of su{2) and su(2)' commute, the representation 
can be written as 

S^,T: = e sui2), I e sui2y} . (2.21) 



The Maurer-Cartan equations (2.13) in components now read 



de" + Ae"" + Xi^Ae"" + -f^ AK' = , 
dK' + eijcjP A ir^' + A + 7; A e^^ = , (2.22) 
de° + e'lAe^ + {rTp(p'' A + A + A° A e'^ = . 

3 Dimensional reduction 

In this section, we will reduce the ten-dimensional type IIA action 

SiiK = \ [ e-2*((*iol)rio + 4d$ A *iod$) - le-'^H, A HqHs 

-\\ F4 A *ioF4 + F2 A *ioF2 + F4 A F4 A ^2 
J 10 



(3.1) 



to four dimensions. Here, iJs = di?2 is the form field strength of -B2, -Fp+i = dCp and 
-F4 = F4 — Ci A i/3. The scalar $ is the ten-dimensional dilaton. We will discuss the 
truncation ansatz for manifolds of S'?7(2)-structure that we will use in Section 3.1 We 



next study the reduction of the metric sector and of the form fields in Sections 3.2 and 



3.3 To obtain the four-dimensional action in standard form, various field dualizations 



must be performed. We discuss these in Section 3.4 
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3.1 The reduction ansatz 



We now discuss the reduction ansatz which is to yield = 4 gauged supergravity in 
four dimensions. We will perform the reduction at the level of the action. Any reduction 
ansatz parametrizes a subset in the space of ten-dimensional fields. A ten-dimensional 
solution lying in this subset will necessarily be the lift of a solution of the reduced 
four-dimensional action. By contrast, a field configuration which is the lift of a four- 
dimensional solution yields a minimum of the action on this subset, but the evaluation 
of the action might decrease further as we move off of the subset. A reduction ansatz 
which excludes this possibility is called a consistent truncation. Under such happy cir- 
cumstances, all four- dimensional solutions lift. If we imagine deriving four-dimensional 
equations of motion for all modes of the theory, dividing these into $keep and ^discard 
(and the corresponding internal modes into fl^eep and ^^discard), the subscript indicating 
their future fate, the requirement of a consistent truncation translates into the vanishing 
of all source terms for the fields belonging to ^discard, once the fields themselves are set 
to zero. We must hence exclude that linear terms in ^discard occur in the action. As a 
first requirement, let us demand that f^kccp be closed under wedge product, and choose 
^discard in an orthogonal complement to ^keep- Mixed terms between $keep and ^discard in 
the action that are linear in ^discard will then be traceable to the action of d and In 
such terms, integration by parts or * being proportional to its adjoint operator will allow 
us to restrict attention to the action of these operators on f2keep- Requiring that fikeep be 
closed under d and * therefore insures the vanishing of these terms, and the consistency 
of the truncation. In the following, in contrast to the reduction ansatz in conventional 
Calabi-Yau compactifications, we will hence choose to reduce in a set of forms that close 
under the three operations of exterior derivative d, wedge product A, and Hodge star *. 



It has been extensively discussed in 22 how the ten-dimensional fields decompose into 
representations of the SU (2) structure group and then automatically assemble into four- 
dimensional = 4 multiplets over each point of the internal manifold. The components 
of the type IIA fields in ten-dimensions that are singlets under SU (2) assemble into the 
gravity multiplet and three vector multiplets. Similarly, the SU{2) triplet representation 
gives exactly one (triplet of) vector multiplet (s). This triplet representation forms a 
non-trivial bundle over Y from which we will choose a finite number (n — 3) of sections 
in our reduction ansatz. The remaining degrees of freedom all sit in SU{2) doublet 
representations. These modes assemble into two (doublets of) = 4 gravitino multiplets. 
As we do not expect to be able to preserve more than sixteen supercharges in the reduction 
of the action, all of these gravitino multiplets should correspond to towers of only massive 
modes in four dimensions. This means that these multiplets cannot contribute on the 

= 4 massless level. We will hence exclude SU{2) doublet representations from our 
ansatz. This restriction has important consequences when considering reductions on 
Calabi-Yau manifolds with vanishing Euler number. We will discuss these consequences 
in Sections m and [5l 



The almost product structure (2.7) on Y will play a central role in the choice of our 
reduction ansatz. T2 has trivial structure group and is therefore parallelizable. We hence 
introduce a basis of two global one-forms v\ i = 1,2, on this subbundle, yielding two 
one-forms and a two-form (their wedge product) as expansion forms. On T4, as discussed 



^For non-linear terms, we would also have to study the behavior of i^discard under wedge product. 
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above, our ansatz is to only contain SU{2) singlets and triplets. It is easily checked that 
SU{2) doublets exactly correspond to odd forms on T4. Therefore, the ansatz will consist 
of two-forms uj^ , I = 1, . . . , n, that all square to the same volume form yo\^^^ on T4, i.e. 

io' Aio^ = r]'^Yo\f\ (3.2) 

where 77 is a metric with signature (3,n — 3), reflecting the number of singlet and triplet 
representations as discussed above. Furthermore, we include all wedge products of 
and in the reduction ansatz. For instance, we expand the forms J" and K of (2.2) 
that specify the SU{2) structure in the set of modes , / = 1, . . . , n, and v\ i = 1,2, i.e. 

ja ^ ^P,/2^a^I ^ K={k]+i kl){v' + G') , (3.3) 

where — ikie^^kj = 2det(A;) > with fcj = kj + ik] and k = (kj). Equivalently, by using 
the parameterization 

k = e'''/^{lmT)-^/^l, t) , (3.4) 
with Imr > and such that det{k) = e^^, we obtain 

K = e''^/'(Imr)-^/2((i;i + G^) + t{v^ + G^)) . (3.5) 

Note that the presence of internal one-forms in our ansatz gives rise to Kaluza-Klein 
vectors G*, i.e. mixed spacetime and internal components of the ten-dimensional metric. 
The expansion coefficients (f, p4, p2 and r depend on the spacetime coordinates and give 
rise to scalar fields in four dimensions. Furthermore, (2.5) yields the relations 

CiV^'Cj = , (3.6) 

and 

V0I4 = e^* voli°^ . (3.7) 

The four- dimensional fields P2/4 describe the volume moduli of T2/4 while the (f describe 
the S'f/(2)-structure geometry. 

The form fields B2, Ci and C3 of type II A supergravity must be expanded in the same 
set of forms, giving 

B2 =B + B,{v' + G') + h2{v^ + G^) A {v^ + G^) + hiuj' , 

Ci =A + ai{v' + G') , 

(3.8) 

={G - A A 5) + (a - ^ A Bi) A {v' + G') + {Gi - hiA) A uj^ 
+ (C12 - h2A) A {v^ + G^) A {v^ + G^) + cuiv' + G') A , 

where we have shifted the components oi G^ = C3, — A /\ B2 by some combination of the 
components of B2 and Gi for later convenience. 

The Hodge star splits into a purely space-time component and two components *2 
and *4, defined with regard to the respective component of the tangent space (2.8). Both 
are completely determined by the SU{2) structure viej^ 

*2K' = eijK^, *2l = =q''^{v^ + G^) A{v^ + G'^) , (3.9) 



""We choose our conventions such that €12 = 1. 
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and by the requirement that the J"^ are self-dual under *4, which implies for the ansatz 
(Q that 

*4 uj^ = {^C^Cj - Sj)uj^ = H^joo-^ , *4l = V0I4 = e"^ volf . (3.10) 
In the following reduction, we will assume that the internal volume is normalized, 

1;^ A A volf ^ = 1 . (3.11) 



To perform the reduction, we must next specify the differentials of the expansion 
forms {v\u^}. As remarked above, we will require that the differential algebra of modes 
they span closes, i.e. 



dw^ =TIjv' a u'^ . 



(3.12) 



Note in particular that we exclude any terms on the right hand side of the above equations 
involving SU{2) doublets. 

The t', t\ and T^j specify the torsion classes of Y . We choose them and hence the 
torsion classes of Y constant. These constants are constrained by the fact that the 
exterior derivative squares to zero and the integral of d(f * /\ /\ w^) over Y should 
vanish. The constraints are encapsulated by algebraic relations, given by 



tH'}ek,+fjT^'j = 



rpl ,i _ rpl rpK _ n. 



(3.13) 



The last equation determines the symmetric part of Tjj^r]^'^ , j = 1,2, so that 

T!Kv''' = f!j,v'''-h,tW\ (3.14) 
where Tj^ is a pair of so(3, n — 3) matrices, i.e. 

f,W + ffj,v''' = 0. (3.15) 

The third condition just states that the T-j form a solvable so(3, n — 3) subalgebra 5* 
defined by 

f!j,e.,fjj = f!jf. (3.16) 
In particular, S is Abelian if = 0. The remaining condition is 

f/,t) = e,,{ft'i + lt]t') . (3.17) 

If f is zero, the fj are invariant under Tj'j. If f is non-zero, the fj form a non-trivial 
representation under S. 

Before we close this Section, we want to stress that the main conditions we impose on 
the reduction ansatz are (3.2) and (3.12). These conditions must be checked case by case 
for each S'f/(2)-structure compactification individually. In Section 4.2, we will construct 
a set of modes on the Enriques Calabi-Yau that satisfies all of these conditions. 
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3.2 Reducing gravity to four dimensions 

We start with the task of dimensionally reducing the gravitational term in the ten- 



dimensional supergravity action (3.1) 



S, 



grav 



e ^*(*iol)rio 



(3.18) 
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where tiq is the ten-dimensional Ricci scalar and $ is the ten-dimensional dilaton with 
the kinetic term 

S^ = 2 I d<l> A*iod<l> . (3.19) 
The main task is the computation of the ten-dimensional Ricci scalar in terms of the 



ansatz of Section |3.1[ This is performed in detail in Appendix Kl We first compute 



the ten-dimensional Levi-Cevita connection in Appendix A. 2 from (2.22) for the ansatz 



(3.12), up to the SU (2) connection 6, which cannot be computed explicitly, but also does 
not appear in the four-dimensional expressions. The connection components read 



u>: + Df^G,] -k^-K , 



'P2-I 



t-k^ -K 



dRer 



(3.20) 



2Imr 

'\e'''X\C'fUk-')l - h-^^/\'^'f,k])K^ 



l^abc^b^cjrpl 



T-i _lp+i, J _|_ lp-P2,. .p+^p" 



where we have defined the covariant derivatives as 

Dp2 =dp2 - G ■ e-t , 
Dp4 =dp4 + G ■ e ■ t , 
Dt =dr-((l, r)-G)((l, r) ■ t) 



(3.2i; 



DC =dC - G'ffjC 



J ' 



G • a • G . 



DG' =dG* 

These covariant derivatives will appear in the four-dimensional action and are related to 



the gaugings of the theory. From the explicit form of the connection in (3.20), we can 



compute the ten-dimensional Ricci scalar rio in a straight-forward way. The computation 
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(3.22) 



is performed in the Appendix. Its result reads 

- \{\mr)-\D^T){D^'f) - 2V^D^p^ - iD^p^D^p^ - fe'^^t ■ ■ t 

- Ae^^-mj ■ g^ ■ W + e-P^n^' - C'' C'^XkClT? ■ {gl'' ■ 

- 2D,p2D^^p, + D.QiTi^' - C'OD^Cj , 
where we have defined 

/ 1 Rer\ 

g^ = {lmr)-U . (3.23) 

\ReT |r|7 

With this, the reduction of the ten-dimensional action 

= S-grav + = [ c'^* ( (*iol)rio + 4d$ A *iod$) (3.24) 

J 10 

yields 

5grav,4. =1 je-^^{*Al){h - e'^W^^G,] ■ g^ ■ D^^^G''^ - \{D^ p^){D ^p^) 
- \{\mr)-\D^T){D^f) - lD,,p^D^p^ - fe'^^t ■ g^ ■ t 

+ ^^C(^''-C"C")^^C + 49^^ 



(3.25) 



where we have defined the four-dimensional dilaton = $ — ^(p4 + P2). In order to 
obtain the action in the four-dimensional Einstein frame, we perform the Weyl rescaling 

^ g<^g/. ^ (^3 26) 

which leads to the final result 

S-grav,* =1 ^(*4l)(r4 - e-2<^+^^D[^G,] • g^ ■ D^^G^^ - l^D^" p2){D,p2) 
- \{lmr)-\D,T){D''f) - iD^p^D^p, - \e^^-PH ■ g^ ■ t 



(3.27) 



We see that several fields appear through their covariant derivative, defined in (3.21). 
These scalars are gauged under the Kaluza-Klein vectors G*. This is already a first 
indication that the reduced action will include gaugings as a standard feature. 



3.3 The form fields 



Now let us complete the dimensional reduction of the action (3.1) by reducing the terms 



involving the form fields B2, Gi and C3. The ansatz for these fields has been given in 
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(3.8). Let us start with the NS-NS two-form B2. From (3.8), we find 

H3 ={dB -B,A DG') + {DBi - eijbuDG^) A {v' + G') + Dbi A 00^ 
+ Dbi2 A (v^ + G^) A + G") + {bjT/j + bi2t\ej,){v' + A 



(3.28) 



where the covariant derivative of has been given in (3.21 ) and we have further defined 
the covariant derivatives 



DBi =dBi - ei.^G^ A Bk , 
Dbi2 =d6i2 + bi2t ■ e ■ G - Bif 
Dbi =dbi - B,t] - bjT/jG' . 



(3.29) 



In the derivation of (3.28), we have used (3.12) and in particular the thereby imphed 
identity 

d{v' + G') = DG' + f{v' + G') A {v^ + G') - fejkiv^ + G') AG'' + ■ (3.30) 
The ten-dimensional kinetic term Sh = —\ /io6~^*-^3 ^ *io-f^3 becomes 



Sh = -I J^e-^'^{{dB - BiDG') A *i{dB - B,DG' 



+ e-''%g^y\DB, - eiubi2DG') A i^{DB, - e,A2DG') 

+ Q-P^H^'^Dbi A i^Dbj + e-^''Wbi2 A iiDbi2 

+ {*d)e~''-'"'{g^y'H'\bKT^, + b^2t%i){bLT^j + b^2t'jeii)) 



(3.31) 



The Weyl rescaling (3.26) of the metric by (j) gives 



S 



H 



-\ {e-^^{dB - B, A DG') A *^{dB - B., A DG' 



+ e-'^-^'^g-'Y^'^iDB, - e.kbuDG') A *^{DB^ - ejib,2DG') 

+ Q-f^H^-^Dbi A *iDbj + e-^PWbi2 A *4Dbi2 

+ inl)e''^~''-''i9T'''H''ibKT^f + b,2thk^){bLT^J + but'jei,)) . 



(3.32) 
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We can combine Sh with S'grav,* to find the reduced action for the entire NS-NS sector, 
5-^3 = i ^ ((*4l)r4 - ^e-^'^(dfi - A DC) A *i{dB - Bi A DG') 



- 2^ 



{g^y^{DBi - eikbuDG") A n{DBj - e^ibuDG' 



A *4C 



^e-^P%Dbu A *iDbi2 + DqP-' A *^DeP'') 



- lilmry^DT A nDf - \Dpi A nDp^ - \{H^^ - r/^^)L'C/ A *aDCj) 

- le-P^H^-^Dbi A *4Dbj - fe^'^'^^t ■ ■ t 

+ {*Al)e"i'-P'-P^{g^)-^'^H'\bKT^, + b,2t%i){bLTfj + bi^t'jei,)) 



(3.33) 



Let us now turn to the Ramond-Ramond fields Gi and C3. From (3.8), we find 
F4 =(dC -<\AAB + AAdB + {G,-AABi)A DG') 

+ (DC, -AAAB, + AADB, + e,,(Ci2 - &12A) A DG^) A {v' + G') 

+ {DG12 + AA Dbu - budA) A (v' + G^) A (v^ + G^) 

+ {DGi + AADbi- bidA + cuDG') A co^ (3.34) 
+ (Dcii + (Tfjbj - eijt{bi2)A) A {v' + G') A J 
+ (Q,f - cue,,T'^,){v^ + G^) A {y'' + G^) Auj' \ c,,f;,r/" volf , 
F2 =[dA + a^DG') + Dai A (w* + G') + ait\v^ + G^) A {v^ + G^) + a^^o;^ , 
where we have defined the covariant derivatives 
DGi =dGi + eij& A t^'Gk , 
DG12 =dCi2 + + C12 A G ■ e ■ t , 

DG/ =dG/ + Gi4 + T^-^Gj A G* , (3.35) 
Dc,, =dc,, + e,,-4Gi2 - G.jTi\ + e^jG^cuit^ - c^T/jG^ , 
Dai =dai + tijGH^ak ■ 
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Furthermore, the twisted field strength F4 = F4 — Ci A is given by 
F4 =(dC -dAAB + dA DG') 

+ {DCi + a,dB -dAA Bi + {tijCu - aiBj) A DG') A {v' + G') 
+ {DG12 - bi2dA - aiieijDbj + h^DG')) A {v^ + G^) A (t;' + G") 
+ (DC^ - 6/dA + CiiDG') Aio^ + {Dcii + a,Dbj) A {v' + G') A co^ 
+ idif - aib,2ti - (cij + aibj)eijTfj){v' + G^) A {v^ + G^) A 
+ c,,t>^"'volf . 

We can now insert these results into the ten-dimensional action for the RR fields, con- 
sisting of the kinetic term 



(3.36) 



(F4 A *ioF4 + F2 A *ioF2) 



(3.37) 
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'S'rr — - 
and the Chern-Simons term 

Scs = -l [ F4AF4AS2 . (3.38) 
^10 

The kinetic term can be reduced in a straight-forward way. After taking into account 



the Weyl rescaling (3.26), we find 

S^^ = -lj^ (^e-^^+^2+^*|dC -dAAB + C,ADG\ 

+ e-^^+P\g-^)-^^\DG, + a^dB - dA A 5, + (e.^Gia - a,5,.) A DG^) 

A *i{DCj + a^dB -dAA Bj + (e^/Gis - ajBi) A DG^) 
+ e-P^+P^\DG^2 - bi2^A - a,{e,jDbj + bi2DG')\^ 
+ eP^H^'\DCi - bidA + diDG') A *i{DGi - hdA + cuDG') 
+ e^^+^^i^^ + ttiDGf + e^'t'+P*{g^)-^'Wai A ^^Da^ 
+ e^'^H'^{g^y^{Dcii + a^Dbi) A n{Dcjj + ajDbj) 
+ e^'^-P'H'\cuf - aibut] - {dx + aMe^kTi 
{cjjt^ - ajbut^j - {cjL + ajbL)ejiTi^j){*4l) 



kl) 



+ e 



H+P2-P4 I 



CiifW\^inl)+e 



4</>-p2+P4 I „ .v-«|2 



+ e 



a,t])H''{a,t^){nl) 



(3.39) 



Let us now compute the Chern-Simons term (3.38). First, we use partial integration 
to write it as 



cs 



{B2 A dCs A dCs - ^2 A ^2 A dA A dGg + \B2 A ^2 A ^2 A dA A dA) . (3.40) 
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Then, inserting the expansions (3.8) and using (3.13) yields 

Scs = -l ji^C - dA A 5 + A DG'){h2C,itW + hcjKv'^'^jkTij) 

- \ Jj^DQ + tifi^2 A DG^ - dA A B,)tik{BuCutW' + Dc^v'^hj) 
+ \ j{dB - Bk A DG^) A cW{e^JDc,J + e,,TfjCK + fjG^2) 

+ \ ^ BkCuv'' A (Z^G^- A {t,,Dc,j + e,,T,^CK + t]jG^2) - ^kjfjB, A dA) (3.41) 

- \ [ tikBk A (DGj + c.iDG') A DcW' + ^ / 6i2&/r/^-^QjdA A DG' 
I I buv''{DCi + cuDG') A {DGj + c.jZ^G^) 



- \ jhiv'-\DGi2 - hi2dA) A (DGj - \hAA + qj A DG') . 

Note that the dimensional reduction of the action for the form fields yields, beyond 
four-dimensional fields in canonical form, also a three-form C and three two-form fields B 
and Gj, i = 1,2. In order to compare the action we have obtained to a four-dimensional 
supergravity in a conventional presentation, we must eliminate these form fields or tran- 
form them into standard four- dimensional fields. In four dimensions, a three-form G has 
no dynamical degrees of freedom, as its four-form field strength is a top form. We can 
thus eliminate this field simply by replacing it by its equations of motion. The 2-form 
fields however are dynamical. They are dual to scalar fields, as a three-form field strength 
is Hodge-dual to a one-form, the field strength of a scalar. 

In the next section, we will integrate out G and perform field dualizations for the 
tensor fields B and G,-. 



3.4 Field dualizations 



In this section, we will follow the strategy of 24 of eliminating the three-form G via its 
equation of motion and of dualizing all three tensor fields B and Gj to dual scalars /3 and 
7j. The latter task involves a subtlety in the generality in which we are performing the 
reduction which did not arise in the treatment of f24]. We will explain this below. 

Let us start with the three-form G. It does not carry any degrees of freedom and can 
be integrated out. The part of the action involving it read^ 



Sc = -\ I (e-^-^+^^+^^ldG-dAA^ + G, ADGf 

(3.42) 

+ 2(dG -dAAB + G,A DG0(6i2Cj4^" + hc.Kr]''^ ^jkTlj] ^ 



®Here and in the following, all integrals and Hodge operations will be in four-dimensional spacetime. 
We will hence simplify our notation by dropping this specification. 
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The corresponding equation of motion is 



e- - ''{buCjit^v'' + bjc,Kv'''^,kTij) * 1 . (3.43) 



dC -dAAB + QADG' ^ _«40-P2 
Substituting this back into the above action gives the potential term 



c 



(3.44) 



Next, we want to duahze the two-forms Ci and B to scalars 7^ and /3. However, the 
Ci appear in the action not only through their covariant derivatives, but also in the 
covariant derivative of the vectors C12 and C/, cf. (3.35), giving a Stiickelberg-like mass 
term. In 24 , this complication was addressed by also dualizing these vectors. At first 



blush, the more general gaugings (3.35) that arise in our reduction do not allow us to 
stop here, as the vectors C12 and Cj in turn appear in the covariant derivative of the cu 
- the dualizing of which would reintroduce two-form fields into the action. Fortunately, 



the quadratic constraints (3.13) imply that the combinations of C12 and Cj appearing 



in the covariant derivative of the cu are orthogonal to those combinations that need 
to be dualized due to the two-forms Ci appearing in their covariant derivative. To 
compute the contributions to the action involving 7j, we will for simplicity introduce 
the magnetic duals to all vectors C12 and Cj as Lagrange multipliers for the respective 
Bianchi identities. The dualization procedure for Ci will automatically pick out the linear 
combinations of the vectors in whose covariant derivative the Ci appear; the action we 
will obtain for 7j will only depend on these linear combinations. 

With regard to the fields C12 and C/, we will follow a different path than the one 
pursued in 24 . While we will introduce the magnetic duals of the appropriate linear 



combinations of these vectors, we will not integrate out the corresponding field strengths. 
The action will hence depend on both electric and magnetic potentials, in the fashion of 



the embedding tensor formalism 26 , with the magnetic duals remaining non-dynamical. 



In a final step, we will rewrite our results in terms of the embedding tensor formalism 26 
and find that they fit into its = 4 supergravity version, discussed in 27 



Let us now proceed with the dualization of Ci and B. First, we replace these tensor 
fields by their field strengths Fi and if, defined by 



Fi =DC, + e,jCi2 A DC' 

=dCi + tijC^ At-C + tijCu A DC^ 
H =dB - Bi A DC' , 



(3.45) 



respectively. Their Bianchi identities 



dFi =t-FA e,jC' + Eij DC 12 A D& 



dH 



DB, A DC 



(3.46) 



will be imposed via Lagrange multipliers •jieij and (3. As discussed above, we will also 
introduce the field strengths 



Fi =DCi + diDC' = dCi + t\Ci + T^^Cj AC' + cuDC' 
F12 =DCi2 = dCi2 + fC, + Ci2AC-e-t . 



(3.47) 
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For their Bianchi identities, we find 

dFi =t\Fi + T^jFj A + Dcii A DG' 
dFio =f K + Fi2 A G ■ e ■ t . 



(3.48) 



Now we introduce Lagrange multipliers Cj and C12 together with the before-mentioned 
7iejj and /3 in the action, by adding 



Sbi=\ j l^{eijdFJ + t-FAG' + Fi2A DG') + \ j f3{dH + DBi A DG' 
+ I j Ckv""' a {dFj - t]F, - Tf.Fj AG' + Dc,i A DG') 
+ 1 JCuA (dFi2 - f - F12 A G ■ e ■ t) 



(3.49) 



to the action. We furthermore replace the two-form fields B and Gi by their field strengths 
throughout. The action for the F^ then reads 



Sp^ = - I I «-2</'+P4^^r^l-l^J■ 



^-2^+p,^gryiij^p, + a^H -dAA Bi) A *{Fj + ajH - dA A Bj] 



[Fi -dAA Bi)eikLk -\ FiA eijD-f, + \ / 7iFi2 A DG' , 



(3.50) 



^12 



where we have used the abbreviations 

Z)7i =d7i - eijt^7 ■ G + eijt{r]^^Cj + e^t^Gi 
=Dcu7]^-^bj + Bit\iq^^Cjj . 
The equations of motion for the F^ are 

= dA A 5i - a,H - e"^-''gl^e,u * (^7fc + L^) . 



(3.51) 



(3.52) 



We can insert this into (3.50) and find 



^\jHA a.., iD,^ + W^Dc^,) -\jdAAB.A..^ (D,, - B^tW^c.,) 



\ / 7^Fi2 A DG' 



(3.53) 



where we have defined the covariant derivative 



D7, = d7i - e,,t^7 ■ G + e,jt{r]''Cj + £,,^^^12 + Bit^c^j . (3.54) 



Having obtained this action, we can also take a different point of view, generalizing the 



example of 28 . Starting with the action for the two-form fields Gi and the related vectors 
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Ci and Ci2, we can also directly introduce new scalar fields 7^ and auxiliary vector fields 
Ci, C12 by replacing the action for the Ci by 



{DC, + e,,Ci2 A DC) A t,,{tWCj + t^C,2) + \ / 7ii'i2 A DC , 

(3.55) 

where the covariant derivative of 7^ is given by (3.54). Note that by removing the kinetic 



term, the dynamical two-form fields Ci as they descend from string theory are rendered 
non-dynamical, befitting the two-form fields of the embedding formalism. Given the 
action in the form (3.55), the equations of motion for the vectors Cj and C12 give the 



duality equation (3.52), while the equations of motion for Ci imply in turn that the 



vectors Cj and C12 are the magnetic duals of Ci and C12. Inserting these equations of 
motion back into the action brings one back to the original action for the Ci and the 
vectors Cj and C12 as obtained directly from string theory. This action is reformulated 



in (3.55) in terms of the embedding tensor formalism of 26,27 



Dualizing B proceeds along the same lines as the dualization procedure for the Q 
The starting point is the action 



S 



H 



\ j e-^'^H A*H+\ j PDB, A DC 



where we have defined the covariant derivative 

Dl3 = dp- \cuv'\eijT^jCK + tJCis) . 



(3.56) 



(3.57) 



As B does not appear in any covariant derivatives, no further fields need to be dualized 
in its wake. Note that the combinations of Ci and C12 appearing in this covariant 
derivative are orthogonal to those that required dualization above. Integrating out H in 



(3.56) finally yields the action 



e^'^{DI3 - aieijD'jj - eijUcu - aibi)r]^-^ Dcjj) 



A *{D(3 - ttkekiDji - eki{\ckK - akbx)'!]^^ Dcil) 



+ i / (3DBi A DC . 



(3.58) 



For later convenience, we collect all relevant covariant derivatives from (3.21), (3.29) 



(3.35), (3.57) and (3.54): the covariant derivatives of the vectors are given by 

DC =dC 



C • d • G 



DBi =dBi - eijt'^G^ A Bk , 



DCi2 =dCi2 + Cif + Ci2AG-e-t 
DCi =dCj + Cfj + T/jCj A C , 



(3.59) 
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and the covariant derivatives of the scalars read 



Dp2 =dp2 - G ■ e-t , 
Dp4^ =dp4 + G ■ e -t , 
Dt =dr-((l, r).G)((l, r).t) 



J 5 



Dh2 

Dbi 
Dcii 
Dai 



--dbu + but -e-G- B,f , 
--dbj - B4 - bjT/jG' , 

--dcu + e,,t{Cu - GjTt, + e^fi^CMt'' - cuTjfi' , 
-dai + eijGH'^af: , 

--d^i - e,jt^7 ■ G + e^^^r/^Cj + eijt^Cu + B^ij^^cjj , 



(3.60) 



D(3 =d/3 - '^cuv''{e,,T;jCK + t]Gu) ■ 
3.5 N = A gauged supergravity 

The reduced action that we found above should fit into the constrained framework of 
= 4 gauged supergravity. For the case t\ = 0, this was aheady shown in |24j. In this 
section, we will read off the embedding tensor components from the action derived above 
and thus determine the gauge group of the theory. One can subsequently check that the 
action derived in Section |3] falls into the class of = 4 gauged supergravities. 

The vectors and scalars of our description map to the = 4 vectors and scalars 
The correct identification in the standard = 4 frame has been worked out 
The electric and magnetic vectors V^~^ and V^^~, given by 



of 27 



m 



24 



={G\B\A,Cu,v''Cj) , 
V^- ={B\G\Cu,A,'n''Cj) , 
are in the fundamental representation of 5*0(6, ra) defined by the the metric tjmn 

/O 5ij \ 



(3.6i; 



Vmn 



6,j 
1 
10 



(3.62) 



VO r]jj/ 

We can now read off the embedding tensor components as they appear in the formulation 



of 27 . The A^ = 4 axiodilaton a is given by a = |(— 612 + ie '^'■^). From its kinetic term 

(3.63) 



we find the gauging 24 



e 



+M 



.f..fJ 



2^ 
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so that 

Da = da + V^^^'e^^^i^Mtap = da + {t ■ e ■ G)a + \t ■ B , (3.64) 

where tap are the generators of SL{2) so that ^22 and t(i2) generate real shifts and rescal- 
ings of cr. 



The SO {6, n) matrix Mmn collecting all other scalar fields has been worked out in 24 



We can read off the covariant derivative of its scalar fields from (|3.21|), (|3.29|), (|3.35 

le 

d 



d 



J12 



db 



a- 



12 



d-fk da ' 
d_ 



rpj 



(3.57) and (3.54). We thereby find the following for the gauged Killing vectors of iV 

d_ 

d_ 
'dhi 

d 



d d 
dpi 



d 

d_ 

da~ 



k6+ 

ki+ 
k%— 
h- 
ki- 



d 



ViKTi 

t' ' 



d 



d 



(3.65) 



dh 



t 



ij 

d 



12 



d_ 



da ' 



d 



d(3' 



t\e 



d 



The general covariant derivative hence reads 



D = d + \/^'"A;Afa = d + G'ki+ + Ci2ke+ + Ci7]''kj+ + B'ki.+Ci2k5^+Ci7]''kj^ . (3.66) 

The only non-vanishing entries of the totally anti-symmetric embedding tensor compo- 
nent fa[MNP] are thus 

f+ijt 2^ij^ikt 



f+iij — — T^i Vkj 

f-iI5 ■ 



(3.67) 



The embedding tensor components in the last line are those that did not appear in 24 



They correspond to magnetic gaugings in the electric-magnetic duality frame of choice. 
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MN 



We find that and fa[MNP] given in (3.63) and (3.67) obey 









(3.68) 



^faR[MNfl3PQ]SV^^ + '^^{a\M fl3)NPQ — 



ifaMNRflSPQSV^^ ~ v"''^ iapf l3S[M[pflQ]N] — Va[M f N][PQ]I3 + ia[P f Q][M N]I3) 



^RS 



ding tensor 27 



using the conditions (3.13). This implies the usual quadratic constraints on the embed- 



The algebra of Killing vectors kM can be easily computed from (3.65), using (3.13). 



The Killing vectors /c5_, /c6+, /c7+, commute with each other. Only the Lie brack- 
ets with ki are non-vanishing. They are given by 



[ki+i kjj^\ 



- eijt kjf^ 



ki+\ = - eijt^ki+ - T/jkj+ 



[ki+, kj. 
[ki+,krj- 
[ki+, ki- 



6iift kj_ 
-2ejj,t"' A;5_ 



€ijt'^ kj- 



(3.69) 



Therefore, the algebra is solvable. It consists of a semi-direct product of a two-dimen- 
sional solvable algebra spanned by with an Abelian algebra spanned by the other 
vectors. Note that in fact, t*/ci+ commutes with all Killing vectors except the ki^ and 



ki^. These facts are also manifest in the covariant derivative of the vector fields in (3.21 ) 



(3.29) and (3.35), as all non-Abelian parts of the field strength are proportional to G*. 



We could have performed a similar reduction of M-theory to five dimensions. The 
resulting five-dimensional = 4 gauged supergravity would exhibit the same gaugings as 
the ones discussed above. However, the global symmetry group would be IR+ x 5*0(5, n — 
1). The above gaugings must hence necessarily be contained in this subgroup of Sl{2) x 
SO{Q,n). 

In Appendix [B| we find an expression for the four-dimensional gravitino mass matrix 
in terms of the internal geometry of SU{2) structures. It is block-diagonal if we set the 
internal field strengths to zero. In this case, each block is proportional to {aaY-'P"' with 



pa 



-P2—pi 



KA{KAdKAJ'' + eabcJ^ A dJ^ 



(3.70) 



We furthermore argue there that the theory admits a supersymmetric vacuum if the 
forms 

J=J^ + \iKAK, n = K A{J^ + iJ'^) , (3.71) 
satisfy the Calabi-Yau condition 



dJ = 



dQ = . 



(3.72) 
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4 Calabi-Yau manifolds with vanishing Euler num- 
ber 



4.1 SU{2) structures on Calabi-Yau manifolds 

In the following, we want to study Calabi-Yau threefolds Y with vanishing Euler number. 
By the Hopf theorem, Euler number zero implies the existence of a nowhere vanishing 
vector field on the space]^ For a Calabi-Yau threefold, which has SU (3) holonomy, this 
implies the reduction of the structure group to SU{2), as follows. The complex structure 
/ on the Calabi-Yau relates to a second nowhere vanishing vector = IK^, which 
is everywhere linearly independent of K^. They can hence be combined into a complex 



vector K satisfying the first two equations in (2.6). This already provides the structure 



needed to define an almost product structure P via (2.7). Since is a holomorphic 



vector with respect to /, we can define J'^, a = 1, ... ,3, in terms of the Kahler form J 



and the holomorphic three-form f2 of the Calabi-Yau manifold via the relations (3.71). 



These satisfy the third condition in (2.6). Moreover, we can rescale fl such that (2.5) is 
fulfilled. This thus completes the definition of an S'f/(2)-structure on Y. 

In general, we cannot expect all moduli of a Calabi-Yau manifold to decompose into 
SU(2) singlets and triplets; some of them might have an SU{2) doublet component. 
These moduli will lie outside of the reduction ansatz outlined in Section ISTTI and will thus 
not appear in the effective action that we have derived for compactification on manifolds 
with SU{2) structure. Instead, the SU{2) doublet components will be part of = 4 
massive gravitino multiplets that must be coupled to the iV = 4 gauged supergravity 
that we have derived in Section [H We will comment on these modes further below. 

For a given Calabi-Yau manifold, it is non-trivial to find a reduction ansatz which 



closes under exterior differentiation, i.e. a set of forms that satisfy (3.12). This set must 



be constructed on a case by case basis. It is not clear that this is always possible. In 



Section 4.2, we provide such a set of expansion forms in the case of the Enriques Calabi- 



Yau. Further examples of Calabi-Yau manifolds of vanishing Euler characteristic can be 



found in 25 ,31 . It would be interesting to construct analogous forms in these cases as 
well. 



Let us now assume that a reduction ansatz satisfying the requirements of Section 3.1 



exists and discuss its special form for the case of a Calabi-Yau manifold. A first re- 



quirement on the charges that appear in (3.12) comes from the fact that for proper 



Calabi-Yau spaces, the holonomy group is exactly S'?7(3) and the first cohomology of 
Y must therefore be zero. This translates into the fact that the exterior derivative on 
any linear combination of the nowhere vanishing one-forms is non-zero^ This implies 
that either feijt-'j ^ or t] and tj are linearly independent. In other words, the rank 
of the matrix {t\t]) is maximal (i.e. two). The almost product structure of Calabi-Yau 
manifolds of Euler number zero hence cannot be integrable. As announced in the intro- 
duction, they thus he outside of the ansatz of |20|[23|[24] . This implies furthermore that 
the charges of the corresponding A^ = 4 gauged supergravity will always include some 



^The explicit construction of such a nowhere vanishing vector field on Y might be difficult. 
^"Note that on a compact manifold Y a nowhere vanishing one- form can never be exact, as any function 
on Y acquires its extremal points. 
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magnetic gaugings, cf. (3.65) and (3.67). 



Now let us determine the number of harmonic forms included in the reduction ansatz 



of Section 3.1 Since {f, t\) has rank two, two linear combinations of the forms (f ^ Af ^ 



are exact. Furthermore, the rank of the matrix 



fi 
-'-ii 



-eijt-'j, T/j) 



(4.1) 



determines the number of closed forms among the two-forms {v^ A w^, u^). It is n + 1 — 
rk(T), giving rise to n — 1 — rk(T) cohomology classes. This is the number of massless 
fields we expect to find parametrizing the N = 2 Kahler moduli space. Similarly, there 
are rk(T) exact three-forms within the 2n three-forms of the truncation ansatz, and 
2n — rk(T) closed three-forms. This gives 2(n — rk(T)) third- cohomology classes within 
the truncation ansatz. From this counting, we see that the number of massless modes 
parametrizing the complexified Kahler and complex structure moduli spaces agree. In 
Section [5} we will re-encounter this condition in the general analysis of supersymmetry 
breaking from = 4 to = 2. 

In the following, we want to discuss the Calabi-Yau condition for an 5'f/(2)-structure 
geometry of the form (3.3). The Calabi-Yau condition should define the N = 2 vacuum 
condition inside the = 4 scalar field space. It says that the holomorphic three-form 



and the Kahler form of the Calabi-Yau threefold, given in (3.71), should be closed. This 
implies 

d(J^ + iJ^) Air + (J^ + iJ^) Adir = , dJ^ + |id(irAi?) = . (4.2) 
In terms of four-dimensional fields, the above relations can be rewritten as 

uwci = , 

fc,e^^7;^r/^^C| = , (4.3) 



(3.4), we find 



where we have used (3.13) to simplify the second equation. Using the parametrization 

it) + rejW'ct = , 

iT(K + rTi^)ri'''Ct = , (4.4) 



Equations (4.4) describe the N = 2 conditions for the scalars coming from the metric. 
For the N = 2 vacuum, the ten-dimensional form fields should be closed as well. 



dB = 



dCi = 



dC, = 



(4.5) 



Inserting the parametrization (3.8), this yields the following conditions on the scalar 
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fieldO 



4612 + e^'T'h 



a 



Similarly, we find for the vector fields 



0, 
0, 
0, 
0, 
. 



(4.6) 



(4.7) 



. 



We will discuss this in further detail in Section |5.1[ In particular, we will find that 
these equations fix the values of all vector fields that acquire a mass due to the Higgs 
mechanism, while the modes 'eaten' correspond to the exact forms on Y. 



4.2 The Enriques Calabi-Yau 

An example of a Calabi-Yau threefold of Euler number zero has been given in {32]. It 
is constructed by quotienting K3 x by a freely acting involution r. r acts as the 



Enriques involution on K3 and as the standard involution on the torus, ^ The resulting 
manifold, also referred to as the Enriques Calabi-Yau, has very special properties. It is 
self-mirror and thereby does not have experience any worldsheet instanton corrections at 
the two-derivative level [32j . There is however a non-trivial pattern of higher-derivative 
corrections for this background (graviphoton-curvature couplings), some of which have 



been computed in 34 



We begin by considering the harmonic forms on the Enriques Calabi-Yau Y = {K3 x 
T'^)/7j2- their construction, let us consider the orbifold limit T^/Zg of K3. a here is 
the standard involution on the four-torus. If we introduce coordinates x", a = 1 6, 



on with periodicity x"' = x"' + 1, the involutions a and r are given by 35 

a( T*^ T*^ V ( 

(4.8) 

T : {x\ x'^, x^ x\ a;^ x^) {x\x^ + 1/2, -x^ -x^ + 1/2, -a;^ -x^) . 

The involution a has sixteen fixed points. Blowing up the resulting orbifold singularities 
yields sixteen exceptional divisors E(^ij^k^i), i,j,k,l = 0, |, with the subscript denoting 
the ^^-coordinates of the fixed point. By considering the linear combinations 

E(i,j,k,i) ± , (4.9) 

we obtain two sets of eight cycles E^, with the subscript denoting the transformation 
behavior under the involution r. The intersection matrix of both i?" and is minus 
twice the Cartan matrix of the exceptional Lie group Eg. 



^^We also list the conditions on the two-forms Ci here as they can be dualized to scalars. 
^^For a review of the the Enriques involution on K3, see 33 . 
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The harmonic forms on Y can be read off from (4.8). They consist of all anti- 
symmetric combinations of the da;*^ that are even under both a and r. There are no 
harmonic one-forms on Y, a necessary condition for a proper Calabi-Yau manifold. The 
harmonic two-forms are given by combinations of dx^ A dx^, dx^ A dx^, dx^ A dx^, which 
define volume forms of sub-two-tori of the original unquotiented T^, and the (1,1) forms 
dual to the exceptional cycles. The harmonic three-forms are given by those combi- 
nations of the one-forms that have one leg on each such two-torus, i.e. dx^ A dx^ A dx^ 
etc., as well as E~ A dx^ and E~ A dx^. Thus, Y has h^'^ = 11 and h"^'^ = 11, and its 
Euler number vanishes, as announced. 

The massless spectrum of a conventional Calabi-Yau compactification on Y gives an 
ungauged N = 2 theory with moduli space 

_ ^/(2,R) gO(2,10) ^0(4,12) 

S0{2) S0{2) X 50(10) SO{A) x 50(12) ' ^ ^ ^ 

The first two factors together carry a special Kahler structure, the last factor a quater- 
nionic Kahler structure. As Y is obtained as a quotient of K3 x T^, M is naturally a 
submanifold of the N = 4 moduli space associated to this compactification manifold, 

M _ Sl{2,m 50(6,22) 

Now let us describe the construction of expansion forms on Y. The first step is to 
define two nowhere vanishing one-forms f*, z = 1,2, on y that are linearly independent 
at any point, yielding a nowhere vanishing two- form 

voh = v^Av^. (4.12) 

We start by constructing such one-forms on T^. If they are well-defined on the quotient 
and survive the blow-up, they sit in the image of the puUback map T*Y — T*T^, hence 
give nowhere vanishing one-forms on Y. We define 

v'^ = sin(27rx^)dx^ + cos(27rx^)dx^ , v"^ = sin(27rx^)da;^ + cos(27ra;^)dx^ , (4.13) 

so that 

V0I2 =|(dx^ A da;'' + dx^ A dx^) - | cos(47rx^)(dx^ A dx^ - dx^ A dx^) 
+ \ sin(47rx^)(dx^ A dx^ - dx^ A dx^) , 



(4.14) 



which is clearly nowhere vanishing. The one-forms f * span the two-dimensional compo- 
nent T2Y of T*Y at each point over the base Y . We need to work a little harder to 
describe the orthogonal complement T^Y explicitly, as it is non-trivially fibered over Y . 
We begin therefore by considering the quotient Y = T^/ZJ, where we can specify a global 
basis for T^Y, spanned by 



u 



^ = cos(27rx^)dx^ - sin(27rx^)dx^ , = cos(27rx^)dx^ - sin(27ra;^)dx^ , (4.15) 



and dx^ and da;^. This shows that F is a twisted six-torus, with T*Y spanned by da;*, 
ti* and v\ i = 1,2. We can define a product structure on Y corresponding to the split 
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T*Y = T*Y © TIY via 



Py = dv^d^i + dv^d^2 — dx^di — 6x^82 — du^dui + du'^du^ (4.16) 
= -dx^di - dx'^d2 + cos{AiTx^){dx^d5 + dx'^de - dx^d^ - dx^d^) 

+ sin(47rx^)(dx^93 + dx^d^ + dx^d^ + dx%) . (4.17) 

Now note that Py descends to a map T*Y — )• T*Y after quotienting by a, thus defining 
the sought after almost product structure on Y. Since the dx* and are odd under a, the 
identity structure of Y is enlarged to SU (2) after this quotienting (and the subsequent 
blow-up). 

The torsion of Y is specified by the algebra 



dv^ = 27rdx^ A , 
dw^ = 27rd2;^ A , 

(4.18) 

du^ = - 2ndx'^ A , 
du'^ = - 2'ndx'^ A v"^ , 

with dx* being closed. The algebra spanned by these one-forms and their wedge products 
is manifestly closed under the operations d, A, and *. The preimage of this algebra on 
©jA*T*y inherits this property. It is spanned by the (preimage of the) one-forms 
and f ^, as well as the six (preimages of the) two-forms obtained from all possible wedge 
products among the 1-forms dx* and u*, z = 1, 2. We have thus succeeded in constructing 
a set of forms on Y that satisfy the conditions of our reduction ansatz outlined in section 

EH 

The ansatz so far does not contain the harmonic two-forms E'^ dual to the exceptional 
divisors on Y . These are all located at = 0, ^, where = dx^ and = dx^. 
Therefore, they are elements of T^Y. Being in addition closed and anti-self-dual, they 
can be safely included as generators in our reduction ansatz. The ansatz misses one 
additional harmonic form, dx^ A dx"^ — dx^ A dx®. This form lies in the preimage of a 
linear combination of two- forms on Y which involves f ^ A — f ^ A m^, hence does not 
respect the T2Y © T^Y split of the cotangent space. Under penalty of having to include 
massive gravitini, as explained in section 3A, we must hence exclude this harmonic form 
from our reduction ansatz. In total, the two-forms in our ansatz are hence spanned by 
Av^ e k^T*Y and 

^^y=i,...M ^ (^^3,1 /\ _ /\ u'^^ dx^ A + dx^ A m\ A + dx^ A dx^ 

dx^ A + dx^ A dx^ A - dx^ A m\ A - dx^ A dx^ £"+) , 

(4.19) 

G K^TIY . We have here organized the in terms of three self-dual and eleven 
anti-self-dual two-forms. They satisfy A u'^ = r]^^ vol4°^ with 



IJ 



( {sy^ o\ 
-{6y^ 

\ 2(/8)-V 



(4.20) 
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Here, z, j = 1, . . . , 3, a, /3 = 1, . . . , 8, and /g is the negative definite Cartan matrix of tlie 
Lie group Eg. In tliis basis, tlie torsion algebra can be computed from (4.18) to be 





dv^ — 


/I 1 uy \jj 1 






dv^ = 








= da;^ = 


TTV'^ A {U^ - 




du' 


= du^ = 


TTf ^ A {lU^ - 


^'), 


du^ 


= du^ = 


- TTf ^ A (W^ - 





(4.21) 



witli all other derivatives being zero. 

The scalar field space of a type II compactification on this background is 

5/(2, M) 50(6,14) 



N=A 



X 



50(2) 50(6) X 50(14) ' 



From (4.21) we can read off the gaugings to be 



(4.22) 



as well as 



and 
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ij 



TX 



2J 
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o„\ 
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-1 


o« 




















Oc. 
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V 0/3 
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0/3 
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-1 







-1 








1 





Oa 




















Oa 








1 








-1 


Oa 





-1 








1 





Oa 




0/3 


0/3 


0/3 


0/3 


0/3 


Oa/3/ 



(4.23) 



(4.24) 



(4.25) 



In Section 5^ we will discuss the spontaneous supersymmetry breaking to = 2 for this 
example. 



27 



5 Spontaneous breaking of = 4 to = 2 



The SU (2)-structure reduction we performed above specialized to any Calabi-Yau back- 
ground should yield an iV = 4 gauged supergravity which exhibits N = 2 Minkowski 



vacua. The supersymmetry conditions translate into (4.4) and (4.6). Spontaneous par- 
tial supersymmetry breaking in = 4 supergravity has already been discussed in 37 43 
Our results give new examples of such a breaking. Before we discuss them in more detail 
let us review general facts on spontaneous supersymmetry breaking to = 2. See 43 
for a similar (but independently performed) analysis. 

When N = 4 supergravity is spontaneously broken to = 2, the fields in the = 4 
gravity and vector multiplets rearrange non-trivially into N = 2 multiplets. In particular, 
two of the four gravitini must acquire a mass and form massive gravitino multiplets. There 
are two kinds of massive gravitino multiplets in A^ = 2 supergravity, a long multiplet and 
a short one that transforms as a doublet under a central charge 37 . Let us first focus on 
the case that the massive gravitini assemble in long massive multiplets. These multiplets 
each have four (massive) vectors, six spinors and four scalars. There can be additional 
massive fields in rriy massive vector multiplets, consisting of a massive vector, four spinors 
and five scalars. The massless fields of A^ = 2 supergravity assemble as usual into a gravity 
multiplet as well as vector and rih hypermultiplets. In descending from A^ = 4, one can 
expect correlations between the numbers and Uh of N = 2 multiplets, as (massless) 
A^ = 4 gauged supergravity knows only vector multiplets. Indeed, as detailed in Table 
5.1 for this pattern of supersymmetry breaking, the number of hypermultiplets of the 
effective N = 2 theory exceeds the number of vector multiplets by one, i.e. = — 1. 



We found the same relation from our truncation ansatz in Section 4.1 This is incidentally 
also the relation that holds for regular compactifications on Calabi-Yau manifolds of Euler 
number zero. If the massive gravitini assemble in short multiplets that form a doublet 



Massless 


A^ = 4 multiplets: 














gravity multiplet 


(2) 


4 (3/2), 6 (1) 


,4 


(1/2) 


2(0) 


+ 771^ + 3 


vector multiplets 




(1) 


,4 


(1/2) 


6 (0) 


Massless 


A^ = 2 multiplets: 














gravity multiplet 


(2) 


,2(3/2), (1) 










vector multiplets 




(1) 


,2 


(1/2) 


2(0) 


n^ + l 


hypermultiplets 






2 


(1/2) 


4(0) 


Massive 


A^ = 2 multiplets: 












2 


gravitino multiplets 


(3/2 H 


-1/2), 4 (1+0) 


,6 


(1/2) 


4(0) 




vector multiplets 




(1+0) 


,4 


(1/2) 


5 (0) 



Table 5.1: The = 4 gravity and vector multiplet degrees of freedom rearrange in massless 
and massive N = 2 multiplets. The spins of the various (real) fields are displayed in bold-face. 
Here the gravitino multiplets are long multiplets. There is one more massless hypermultiplet 
than massless N = 2 vector multiplets. 

under a central charge, the multiplets are smaller. Each of the two gravitino multiplets 
contains two massive vectors and one spinor. Moreover, their masses must be equal. The 
counting of fields, displayed in Table 5.2, now gives a different result: the number of 
massless N = 2 vector multiplets must be larger by two than the number of massless 
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hypermultiplets. We thus do not expect this breaking pattern to appear for the N — A 
gauged supergravities related to x = Calabi-Yau backgrounds. 



Massless N — A multiplets: 

gravity muhiplet 
Uh + iTLy + 1 vector muhiplets 


(2), 4 (3/2), 6 (1), 4 (1/2), 2 (0) 
(1), 4 (1/2), 6 (0) 


Massless N = 2 multiplets: 

gravity multiplet 
nh + 2 vector multiplets 
Uh hypermultiplets 


(2), 2 (3/2), (1) 

(1), 2 (1/2), 2 (0) 
2 (1/2), 4 (0) 


Massive N = 2 multiplets: 

2 gravitino multiplets 
vector multiplets 


(3/2 +1/2), 2 (1+0), (1/2) 

(1+0), 4 (1/2), 5 (0) 



Table 5.2: The = 4 gravity and vector multiplet degrees of freedom rearrange in massless 
and massive N = 2 multiplets. The spins of the various (real) fields are displayed in bold-face. 
Here the gravitino multiplets are short multiplets. There are two more massless N = 2 vector 
multiplets than massless hypermultiplets. 



5.1 General Calabi-Yau manifolds of vanishing Euler number 

We now study N — A ^ N — 2 super symmetry breaking for general N — A gauged 
supergravities coming from SU (2) structure reductions of Calabi-Yau spaces. We begin 
by considering the metric sector. There are two isometries acting on the scalars coming 
from the ten-dimensional metric. These read 



(5.1) 





-'-US J ) 


SiP2 = 




5iPA = 









Thus, 
and 



5iJ = 5i{e'-^C!^^ + e^^v^ A v^) = -Sijef^dv^ , (5.2) 



P2+P4 \ P2+P4 



5in^6i{ -^={v^ + rv^) AC juj-^ ] ^ -^={l,T)iCjduj'^ -iIm{l,T)im . (5.3) 
\ V Im T / V Im T 

The isometries hence act by adding exact pieces to J and Q, and by rescaling Q. As the 
metric is determined by the cohomology class of J and projectively by the cohomology 
of Q, these directions in field space are unphysical. Correspondingly, when the Gj, the 
fields which gauge these isometries, acquire a mass, these directions are modded out of 
the scalar field space. 

To count degrees of freedom, it will be useful to introduce the vectors 

C| = (eP2^e^^/2C|) , (5.4) 
29 



and 

In terms of these, the isometries act as shifts 



Similarly, we can define 



so that the gauged isometries act as 



kj ■ 



The closure conditions (4.3) on J and VL in terms of these variables read 



(5.5) 

(5.6) 
(5.7) 

(5.8) 
(5.9) 



The matrix T^j was defined in (4.1). Note that the compatibility of these equation with 



the gauged isometries (5.6) and (5.8) is guaranteed by (3.13) 



Next, we want to understand how the constraints (3.6), which can be written as 



Ctv 



ij 



= 



(5.10) 

(5.11) 
(5.12) 



are compatible with the factorization of the N = 2 moduli space. Equation (5.12) appar- 



ently couples J and f2. Notice however that this equation imposes two real constraints, 
which is the number of isometries acting on Q. The coupling of with (j' can thus be 
absorbed by these isometries; J and fl are only coupled via exact contributions, which are 
not physical. The Kahler structure is thus parametrized by n — rk(T) — 1 real variables: 
the n + 2 real parameters subject to the linear constraint that is the first condition 
in (5.9), the quadratic constraint (5.10), and the two isometries (5.8) . Let us preform 



the analogous counting for the complex structure moduli space: one complex direction 



is fixed by fixing the gauge freedom (5.8). Furthermore, (5.11) together with U{1) ro- 
tations of C"*" fix two more complex degrees of freedom. Naively (5.9) would count for 



rk(T) complex conditions. However, since is defined as the direct product (5.7), there 
is an additional local U(l) symmetry that reduces the number of independent equations 
in (5.9) by one. Therefore, we find that depends on n — rk(T) — 1 complex degrees of 



freedom. 



IJ 



Q forms a holomorphic symplectic vector with respect to the symplectic pairing eiji] 
that is subject to the second condition in (5.9). It coordinatizes a special-Kahler space 
with the Kahler potential 



K = -login An = - iog(i Ci^WC 



■jj) 



(5.13) 



where Cj/ is the complex conjugate of Q. The expression for the Kahler potential in 
terms of the holomorphic three- form Vt is valid in terms of projective coordinates C,. We 
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consequently disregard the second constraint of (5.11). Note that interpreting Qj as 



projective coordinates allows us to scale fcj and (i independently. 

Let us now understand the form of the holomorphic prepotential. We will rescale 
kl + ikf to be a constant, leaving + free complex parameter. Next, we perform 

a linear coordinate transformation such that, retaining the name of the variables, the first 
constraint of (5.11) takes the form Ci'C^ + CmV^^C 
and fj having signature {l,n — 3) 
expression in the remaining n — 2 variables. The tensor product (5.7) thus gives rise to a 
symplectic vector with one constant component, n — 1 linear components, n — 1 quadratic 
components, and one cubic component. This is the hallmark of a cubic prepotential. It 

•^c = ir(CM^*^^Civ) . (5.14) 



TV = 0, with M,N = 1, . . . , n - 2, 
Rescaling ^ to fix = 1 yields (2 

quadratic 



Before imposing the Calabi-Yau condition (5.9 ), the ( thus parametrize the special-Kahler 
space 

Sl{2) 50(2, n- 2) 



SK,0 



S0{2) S0{2) X SO{n - 2) 



(5.15) 



Imposing the linear constraint (5.9) on (^j leads to a Kahler subspace that we will now 
argue to be special-Kahler as well. If we consider the linear constraint in the form (4.3), 



they form a set of linear equations on (j with coefficients that might depend linearly on 
r. If the coefficients depend non-trivially on r, the number of coordinates in (f simply 
reduces by rk(T) and the number of components in Q by 2 rk(T), while the general form 
of the special-Kahler structure is unaltered. In this case, the N = 2 moduli space takes 
the form of Msk,o with n replaced by n — rk(T), cf. (5.9). In the more generic case that 



r does appear non-trivially in (4.3) 
will depend linearly on r 



some coordinates will be eliminated while others 



Therefore, the holomorphic prepotential will no longer retain 
the factorized form (5.14). It will however remain cubic. The scalar field space will in 



general not correspond to a symmetric space though it will remain a homogeneous space, 
all of which have been classified in 
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This determines the N = 2 moduli space of 
complex structures. In particular, we have shown that Msk is special-Kahler with cubic 
prepotential. 

We now turn to the form fields. Their expansion in (3.8) involves three types of 



internal forms: these internal differential forms split into those that are exact, closed but 
not exact and those that are not closed. If an expansion form is closed, the corresponding 
four-dimensional field turns out to be massless, as no potential terms are generated. If 
the internal form is not closed, then a potential term is generated. In the case of four- 
dimensional scalars, this is just a scalar potential that gives a mass to exactly these fields. 
In the case of four-dimensional vectors, they instead show up in the covariant derivative 
of some massless scalars (which were expanded in the corresponding exact form of one 
degree higher). The vector acquires a mass during the super-Higgs mechanism and eats 
up the scalar during this process. By this, all remaining fields of the effective N = 2 
theory come from expansion in non-trivial cohomology classes, as it is expected from the 
standard Calabi-Yau reduction. Let us now discuss this in detail. 



We begin with the B field. From (3.65), we read off the action of the two isometrics 



gauged by on the internal components of S, 



12 



6,bi = -T/jb 



J ■ 



(5.16) 
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Invoking the Calabi-Yau constraints (4.6), this yields 
which combines nicely with the transformation ( |5.2 ) of J to 



(5.17) 



(5.18) 



Introducing the variable bj = (&i2,&/), we see that the Calabi-Yau constraint (4.6) can 
be written as 

f!jbj = 0, (5.19) 



which has the same form as (5.6). Hence, both the isometries and the constraints are 
holomorphic in the variable b + 

Analogously to the complex structure moduli space, b + parametrizes the special 
Kahler space of complexified Kahler moduh, that is the subspace defined by complexifi- 
cation of (5.9) within Msk,o, given in (5.15). 

It remains to discuss the fate of the scalars coming from the Ramond-Ramond fields 
in the spontaneous N = 4 ^ N = 2 supersymmetry breaking. The conditions (4.6) and 
(4.7) eliminate all modes that correspond to non-closed forms on Y. In particular, we 
find 



(5.20) 





=0 , 




=0 , 




=0 , 




=0 , 


= (C'l2 





where we have defined 

Cf = (Ci2, Ci) , 
The scalars corresponding to the shift isometries 

SfCii = flj 



(5.21) 



(5.22) 



are eaten by the vectors to give them a mass. Furthermore, the scalars 7, are eaten due 
to the Higgs mechanism that gives a mass to the magnetic vectors f^C^. Equivalently, one 
could say that the vectors corresponding to the f~ directions are eaten by the two-forms 
Ci to acquire a mass. 



The remaining vector fields are those Cj that satisfy (5.20) and that are invariant 
under the shifts 



SiCj 



(5.23) 



Therefore, there is exactly one vector for each complex scalar bj + i(j that remains in 
the N = 2 theory. Together, they form N = 2 vector multiplets. Note that the N = 2 
vector multiplet moduli space is not necessarily a direct product, in contrast to the case 



of purely electric gaugings 43 
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Similarly, the remaining scalars Cjj that obey (5.20) form a real symplectic vector 
under the symplectic product e^jT]^'^ . Together with and (3, they build the classical c- 



map |44j over the special-Kahler space spanned by (^j, with the Kahler potential (5.13). 

In total, we find the standard structure of classical N = 2 supergravity, with a cubic 
prepotential. However, we in general cannot incorporate the full N = 2 massless spectrum 
of an ordinary Calabi-Yau compactification in our N = 4 description without including 
couplings to = 4 massive gravitino multiplets. 

In ordinary Calabi-Yau reductions, one obtains an = 2 supergravity theory with 
cubic prepotential as well. This prepotential is modified away from cubic form by world- 
sheet instanton corrections. The = 4 context of our setup is protected against such 
quantum effects. We hence need to confront the question of how these corrections arise 



upon breaking to = 2,^ We expect to be able to incorporate them in the couplings of 
the very modes we excluded from our ansatz by not considering A^ = 4 massive gravitino 
multiplets. The couplings of these fields to A^ = 4 supergravity have not been stud- 
ied. They are not fully constrained by A^ = 4 supersymmetry, and can hence experience 
quantum corrections which should translate into the expected worldsheet instanton con- 
tributions to the prepotential of the N = 2 theory. We conjecture that these corrections 
will only involve the SU{2) doublet directions in scalar field space. 



5.2 The Enriques Calabi-Yau 



For the Enriques Calabi-Yau, the conditions (4.4) read 

+ = 



C: 



3+ 







(3^ = for z = 1,2 



(5.24) 



C: 



3+ 



where we have defined Cf± = Q =t C+3; i = I5 2, 3, and = e'''*/^C^. We will use the 
same conventions for the two-forms below. As t* = 0, the two gauged isometrics in 
the metric scalar directions are generated by 



Plugging in (4.24) and (4.25) for T/j yields 







= 2vrC . 



(5.25) 

(5.26) 
(5.27) 



As expected, these isometrics hence preserve the Calabi-Yau conditions (5.24). Their 



action amounts to adding exact forms and u A f * 



1, 2, to J and respectively. 



^•^An initial guess that Calabi-Yau manifolds with vanishing Euler number experience no worldsheet 
instanton corrections is correct in the case of the Enriques Calabi-Yau, but not true in general. 
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The quadratic constraints ( 3.6[ ) on take the form 



(5.2J 



/3 

3 r"/9A3 



where the intersection matrix 7]ij of the two forms is given by (4.20). From the first 
equation, we see that C,i_^ must be non-zero. In the following, we rescale C,^ — ?■ 
(corresponding to a rescaling of fi, which does not change the complex structure) such 
that C]t|_ = 1. The first constraint in (5.28) then simplifies to 



Cit - rCt + C/"^C^ 







Im r Im Q_ + Im Q^I'^^ Im G > 



(5.29) 



Furthermore, we gauge-fix the isometrics (5.26) such that C,^_ = 0. We thus obtain a nice 
product representation of fl on the covering space K3 x (the resolution of T^/Zg), 

Q = (dx^ + Tdx^) A ((dx^ + Tdx^) A (dx^ + C2^_dx^) + C+E^) . (5.30) 

We have here used the equality f* A E'^ = dx^ A -E", as at the support of the two 
components of see (4.9), cos(27rx^) = ±1. 

Similarly, the conditions on read 



/-+ Tal3/-3 



(5.31) 



We can write J as 

J = e^^idx^ A dx^ + dx^ A dx^) + C|_dx^ A dx^ + C^E" 
where we have defined 

El = E^ + ^J-Plm{C;{dv' - fdv')) , 

which differ from E°^ by an exact piece |^ 

From the form (5.30) and (5.32) we see that the moduli space of Q and J completely 
decouple, as expected for the complex structure and Kahler moduli space of a Calabi-Yau 
manifold. However, in the case of both moduli spaces, we do not reproduce the full result 
of the standard Calabi-Yau reduction. For instance, Q should span the special-Kahler 
space 



(5.32) 



(5.33) 



n 



S0{2, 10) 



5/(2, M) 

S0{2) ^ S0{2) X 50(10) ■ 



(5.34) 



^^Note that this additional exact piece is needed for the closure of the differential algebra of the 
expansion forms, a property the conventional expansion in harmonic forms lacks. 
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Though we can guess from (5.30) the required cubic form of the full holomorphic prepo- 



tential, one of the massless modes is missing in our expression (5.30) for the holomorphic 
three-form Q: both dx^ and dx^ exhibit the same complex parameter r as coefficient. We 
therefore only reproduce a special Kahler subspace of codimension one. Similarly, one 



massless mode is missing in our expression (5.32) for the Kahler form J, corresponding to 



the deformation in the direction of the two- form dx^ A dx^ — dx^ A dx^. We already noted 



in section (4.2) that this harmonic form is excluded from our reduction ansatz. It does 
not respect the © T^Y split of the cotangent space, thus giving rise, as mentioned 
repeatedly above and explained in |22j, to = 4 gravitino multiplets which lie beyond 
the = 4 supergravity action considered in this paper. 

What remains is the discussion of the degrees of freedom coming from the form fields. 
Nothing is gained in this sector by restricting to the Enriques Calabi-Yau example. Suffice 
it to repeat that the form field B2 pairs with J in the standard way, enhancing the Kahler 
moduli space to a special-Kahler space with cubic prepotential. Moreover, the Ramond- 
Ramond fields form a fibration over the complex structure moduli so that we find a 



quaternion-Kahler space in the image of the c-map 44 



6 Discussion 

In this work, we dimensionally reduced the ten-dimensional action of type IIA on SU (2) 
structure manifolds. We showed that this action is consistent with iV = 4 gauged super- 
gravity and derived the embedding tensor components that specify the gaugings. The 
gauge group of this gauged supergravity is solvable and in general contains a large num- 
ber of commuting isometrics that transform non-trivially under a pair of isometrics that 
are gauged under the Kaluza-Klein vectors. In principle, one should be able to assemble 
all degrees of freedom of these SU (2) structure backgrounds not captured by our ansatz 
in massive multiplets of = 4 supergravity. 

Calabi-Yau spaces of Euler number zero constitute a distinguished class of SU{2) 
structure manifolds. These backgrounds famously admit N = 2 supersymmetry. The 
A^ = 4 gauged supergravity obtained upon compactification on these manifolds hence 
exhibits at least one vacuum that breaks supersymmetry only partially, yielding new 
examples of spontaneous N = 4 ^ N = 2 supersymmetry breaking, extending the 



discussion of 37 43 . Integrating out the fields that acquire a mass upon supersymmetry 
breaking to A^ = 2 results in the standard N = 2 supergravity of Calabi-Yau reductions, 
up to those fields that have a doublet component under the SU{2) structure group. These 
SU (2) doublets correspond to A^ = 4 massive gravitino multiplets in four dimensions, 
which must be included in order to recover the full N = 2 moduli space of Calabi-Yau 
compactifications. The multiplet structure of the massive gravitino multiplet was worked 



out long ago 37 . However, its dynamics has not yet been studied, and there is still much 
to be understood about its role in A^ = 4 supergravity. 

Since A^ = 4 gauged supergravity does not allow for any quantum corrections to the 
massless multiplets (at the two-derivative level) and since we find cubic holomorphic pre- 
potentials from the super-Higgs mechanism, the N = 2 effective actions we obtain upon 
supersymmetry breaking cannot incorporate quantum corrections. This is in accord 
with the absence of perturbative quantum corrections in Euler number zero Calabi-Yau 
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compactifications. As worldsheet instanton corrections are not absent in such compact- 
ifications, we conjecture that these quantum corrections to the N = 2 holomorphic 
prepotential of the Kahler moduh space can be encoded fully in the couplings of massive 
gravitino multiplets to = 4 gauged supergravity. This provides strong motivation to 
study massive gravitino multiplets in gauged supergravity in the future. 

The discussion of quantum corrections to the holomorphic prepotential of the complex 
structure moduli space is completely analogous. Our analysis shows that before SU{2) 
doublets are included, this prepotential is also cubic, consistent with mirror symmetrypj 
The SU{2) doublet deformations will fiber over these modes, giving the full prepotential. 
Therefore, the Picard-Fuchs equations should drastically simplify in a parametrization 
of the holomorphic three-form compatible with the SU{2) structure. As in the Kahler 
sector, all non-perturbative corrections, here Qs corrections due to D-brane and NS5 
instantons, should come from massive gravitino multiplets that incorporate the SU{2) 
doublet degrees of freedom. 

The enhancement of supersymmetry from A^ = 2 to A^ = 4 should also be visible 
from a different point of view. Even if these additional supercharges are broken by the 
background, one should still be able to find the related conserved currents in the N = 2 
supergravity. Their existence might be related to the absence of the quantum corrections 
that we discussed above. 

In the long run, discussing quantum corrections of Calabi-Yau spaces of vanishing 
Euler number in terms of their SU{2) structure might also enable one to understand 
quantum corrections for general G-structure backgrounds better, as some of the tech- 
niques could carry over to the case where no supercharges are preserved. One related 
idea is to find the correct twisted cohomology on the internal space that keeps track of 
all modes of the A^ = 4 supergravity. Though first steps into this direction have been 



undertaken in 25 for orbifold examples, the general definition of such a cohomology still 
seems to be missing. 

We shall conclude with two comments concerning related constructions for theories 
with higher dimension or less supersymmetry. 

If the Calabi-Yau manifold Y is elliptically fibered, the four-dimensional N = 2 theory 
has an interpretation in six dimensions in terms of a (1, 0) theory. Equivalently, we can 



think of such a theory as coming from an F-theory compactification onY 46 . When the 
Euler number of Y vanishes, not only the irreducible part of the gravitational anomaly 
vanishes, as required for anomaly cancellation, but the reducible part, i.e. the coefficient 



of (tri?^)^ |47] does as well (see 48 for a recent review). It would be interesting to 
understand this vanishing of gravitational anomalies from the point of view of hidden 
extra supersymmetry in the framework presented in this work. 

Finally, one could hope to derive an A^ = 2 gauged supergravity with a vacuum 
preserving A^ = 1 supersymmetry by considering the heterotic string on a Calabi-Yau 
manifold of Euler number zero. Though less supersymmetry and the inclusion of the 
gauge bundle might complicate the analysis, the discussion of quantum corrections to 
the holomorphic prepotentials should carry over to this case. Moreover, since these 
Calabi-Yau spaces give non-trivial examples of SU{2) structure manifolds, one could in 



15 



The Euler numbers of mirror Calabi-Yau manifolds differ by sign only. 
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principle hope that such a study could be useful for understanding heterotic strings on 
general G-structure backgrounds. 
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A Appendix 

In this appendix we compute the Ricci scalar tiq. For this we must first determine the 



connection from (2.22) for the ansatz (3.12). 



A.l Useful identities 

Let us first collect some identities that will be useful in the following computation. 



From (3.4), we find that the matrix k satisfies the identities 

k^ -e-k = k-e-k^ = e^^e , 

k-^ = -e-P^-k^ -e , (A.l) 
F ■ k =eP^g^ , 

where 

/ 1 Rer\ 

g^ = ilmr)-'[ . (A.2) 

VRer |r|7 

We will need the following expressions for the four- dimensional derivatives of ky. 

((dfc) ■ fc-^)sym =^dp2l - |a^(lmr)"Mlmr+ ^cr^(Imr)"MRer , 
tr(e ■ (dk) ■ k'^) = - (Imr)-MRer , 

where and are the standard Pauli matrices. 



(A.3) 



From (3.6) we find 

(d.CiWC = , (A.4) 
which means that over four-dimensional spacetime, the J" do not rotate into each other 

of SU{2) reads 



and therefore really move in so{i,)x'so{n) ■ '^^^ decomposition of uj into representations 



= C'C>' + {5'j-C'0' ■ (A.5) 
The latter term is invariant under the We hence find 

^ (/«)"(a;0/37e" A = Q-Pi/^e'^^X^^ J" ■ (A.6) 



2 
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Furthermore, we have 

{u')^p{I%=Ae''^/^C' ■ (A.7) 



A. 2 Connection 



From the first equation in (2.22), we see that 7^(Kj) and must be symmetric in i 

and i and a and /3, respectively. It is straight-forward to solve for the first two equations. 
For the third, we need to use dJ"' = (/'^)^de" A as well as (3.3) and (A.4). We find 



- (r)^r;^if^ A A + 2e"^^0^ A + (iTpX'"^ A e'^ A e 



Now let us first solve the second equation in (2.22). For this, we recall that eijYf^{Kj) = 
and (A.3). This gives us 



rLpe" A e 



(A.9) 



(A.IO) 



2Imr ^ 

A e'^ = - ^DG^ + \K' A Dp2 - lia^jilmry^K^ ADlmr 

+ lia^jilmTy^K^ ADRer , 

where we have defined the covariant derivatives 

DG' =dG' + \fG ■ e ■ G , 

Dp2 =dp2 - G ■ e-t , 

DRer =dReT + {G ■ e ■ k-^ ■ ■ k ■ t) Imr , 

D Im r =d Im r + (G ■ e ■ A;"-^ • (j^ ■ A; ■ t) Im r . 
The latter two can be merged into the covariant derivative of the complex scalar r as 

Dr = dr-((1, r)-G)((l, r)-t) . (A.ll) 

Next, we make the ansatz 

''"a/3 =\^^A^aB + T"o'^«/3 + (''"a)a7(-^")'8 ; 

(A.12) 

where = t^i{Sj — . We have used that A°(e^) should be symmetric in a and 

P as well as the fact that (2.22) implies that A^(e^) is symmetric in /i and u. We then 
solve (A. 8) with help of (A. 6) and find 

T-i —luifj,,! _|_ ip-P2^. .py-fcx ^ 
^al3 ^ tjj'^fc^ "a/3 

0'^ = - le-P'/\''h'jk]K' + le^''XiC^Tlj{k-yjK^ - \e^^X\C^TljG' , (A.13) 
A° A =|e° A (dp4 - t ■ e ■ G) 

+ \e''-"{rfA,e~< A (dC - GX^KCA^f - C'^Ct)) • 
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Finally, we solve the first equation in (2.22). This gives us 

A 











-k^-K 



(A. 14) 



where u is the connection of the four-dimensional metric. This determines the ten- 
dimensional connection up to the SU{2) component 6. We will see that 6 drops out of 
all four-dimensional expressions. All other components are given by 

ui", + D^^G,] -k^-K 



A;. 



. 1 „a 
"4 



2^ \^ Ja'^P^'^ 

.-e-PH.k^.K-'^ + \t.g-.G, 
2Imr 



where the covariant derivatives are defined as 

Dp2 =dp2 - G ■ e-t , 
Dpi =dp4 + G ■ e ■ t , 
Dt =dr-((l, r)-G)((l, T)-t) 



DG' =dG' 



J ' 
G • a • G . 



(A.15) 



(A. 16) 



A. 3 Torsion and curvature of the SU{2) connection 

In order to compute the Ricci scalar, we derive a relation between the curvature and the 
torsion tensor of the SU{2) connection. Since rj^i are invariant under the su{2) in which 
9 lives, we have 

= R%^sl''v+i ■ (A. 17) 

Contracting this equation with 7^ gives 

= Rlp^sl^^'v+^ - Yv+^ ■ (A. 18) 

We see that if 6 were torsion-free, the Riemann tensor would obey the Bianchi identity 
and the first term would be zero, thereby imposing that the connection be Ricci-fiat. 
In general, the above equation gives a tool to compute the Ricci curvature in terms of 
torsion classes. We can contract the above equation with f/!,_7'' and find 

RicL = RLs.e'''' ■ (A. 19) 



39 



The failure to satisfy the Bianchi identity is measured by i?^ A e = VT = dT + 9T (as 
can be seen from the definition of the torsion tensor T), therefore 

Ric^^ = (dT" + 0^ A T^)(e^, es, ep)e<'''^ . (A.20) 

Note that only the component of the 5'f/(2)-covariant derivative of the torsion two-form 
inside h?Tl appears. 

Now let us evaluate the SU{2) Ricci scalar by computing the SU{2) torsion tensor 
and its covariant derivative by use of ( A.15[ ). We find 



= - e-^^\{lTp{V'X\C'flAk-')l - le-^'/'C't^k}) + Wi^ap)¥K<s (A.21) 
A. 4 Ricci scalar 

Our next aim is to compute the ten-dimensional Ricci scalar rio from 

rio = Ric^^ + RiCii + Ric„a • (A.22) 

For the Ricci tensor, we have 

Ric^i Rfiuii/ ~l~ Rf^jij ~^ Rfiaia i 
RiC/ta Rnvav ~\~ Riiiai ~\~ RiiBaB i 

(A.23) 

RiCjj Rifijfj, ~\~ Rikjk ~l~ Riaja i 
RiCja RifjLafjL ~\~ Rijaj ~l~ RifSafi i 

SO that 

'"lO R^ufiu ~\~ 2Rpifj^i ~\~ 2Rpapa -\- Rijij ~\~ 27?jQjQ, -|- RafiaP • (A. 24) 

We will now compute the components via 

= dfi + A ^] . (A.25) 

For instance 

R^u^^u =(da;:;)(e^, e,) + (a;^ A a;^)(e^, e,) + (A^ A A^)(e^, e,) + (7^ A 7^)(e^, e,) 
=f4 + e''^%G,]-(7"-Z}[^G"^] , 



(A.26) 
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where f4 is the Ricci scalar of the four-dimensional metric up to a conformal factor, which 
we will rescale below. Similarly, we have 



R 



R, 



(dA^ + A> a;; + A 7; + {iT^r A A^ + A AJ) (e„, e,) 
= - WD^p, - \D^p^D>^p^ , 
i?.,., =(e.,d0° + 7; A 7; + r: A Tf){k,, K,) 

= - 2e-'H -g^-t- |(D^p2)P» + ^(Imr)-2(D^r)(D^f ) . 



For the component Riaia, we compute from (2.22) the following expressions 

de"(ej,ea) = - tVcq) 



a V 



d«(r)^e^)( 



=<(/'^)^(de^)(e.,e.) =<(r)^r^(e„) 
= -ie''*/^(A:-i)K^T;^.(5/-C'''0')- 



We find 



dr:(e„e«) = (r)^r^^0^-r>^„. 
The curvature component Riaia then reads 

Ricic. =(dr^ + A (r)^^ + e.,/ A r;^ + 7; A A^)(e„ e„) 



K 



D^P2D''p, 



R. 



Finally, we can use (A. 21) to determine 

=r' + {drilTB + A -<^rl- \l A AQ (e„, e^) 

= - ^Qp'^~P%''hi ■ g^ ■ tjC'^ - \(i''"'t -g^ -t 



bl^bj\ 



(A.27) 



(A.28) 



(A.29) 



(A.30) 



(A.31) 
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Summing up all components, we arrive at the following expression for the ten-dimensional 
Ricci scalar 

rio =h - ePW[^G,] ■ ■ D^^G"^ - 2V^D^p2 - 1{D^ p2){D ^p^) 

- \{\mT)-\D^T){D^f) - 2V^D^p, - \D,p^D>^p^ - fe'^^t ■ ■ t 

(A.32) 

- Ae^^-^Hi ■ g^ ■ W + e-P\r^'' - C'XUlTf ■ {qT' " 

- 2D^p2D^p^ + D^CKv" - C"C")^^Cj ■ 

B Fermions and supersymmetry 

In this appendix, we want to derive the gravitino mass matrix of the four-dimensional 
theory, as it appears in the supersymmetry variation of the gravitini. For this, we will 
first identify the four- dimensional gravitini and fermions in terms of ten-dimensional 
fermionic fields. Subsequently, we will derive the vacuum contribution to the supersym- 
metry variations in terms of the internal geometry. Similar discussions can be found 
in 



10,29 



In type IIA supergravity, the ten-dimensional gravitini ^1^°^* and the dilatini 



M 

form the vector ® spinor representation given by 



(B.2) 



y (I0)j _ ,T,{lO)j ip ^,(10) i m 1> 

We can expand the internal and external components of ^''If' * as 

Here, is a space-time index, and j and a index the two- and four-dimensional component 
respectively of the tangent bundle of the internal manifold. The (f are defined such that 

C?v''Cj = , ViJ = CKj - CKj ■ (B.3) 

From the above decomposition of the ten-dimensional fermions, we can read off the 
four-dimensional fields. In the following, we only write the component of positive chirality 



42 



and drop the + index. The four- dimensional gravitini read 



10 



Here, the second term ensures that the four-dimensional gravitini are traceless, i.e. 
^M^a _ g Furthermore, the spin-1/2 fermions read 



x' 

A, 


= i( 


1 ® r7i)Y(i°)^ - 


'1 ® r7i7")^(^°)^ 


^^+2 


= K 






Ck 


= (1 






^k+2 


= (1 








= (1 






p^+2 


= (1 






K 


/-a 

— 




^(10)1 
^ a 5 




/-a 
— '^I 


(1 ® ff_^''ujl^^'') 


^(10)2 
a 



(B.5) 



These fermions form the 4 dilatini and 4n gaugini of iV = 4 supergravity. The dila- 
tini could in principle be identified by identifying the linear combinations of the above 
fermions whose supersymmetry transformation involves a spacetime derivative of the 
complex scalar a = — ^(&i2 + ie"''^). 

In the following, we will restrict our attention to the supersymmetry transformation 
of the gravitini, which in = 4 gauged supergravity reads 

5vl>«=D^e^ + |AtV_5 + ... . (B.6) 

The dots indicate terms involving four-dimensional vector fields. Furthermore, the grav- 
itino mass matrix Ai is symmetric and has a a precise definition in terms of the four- 
dimensional embedding tensor and the sigma model vielbeins 27 . In the remainder of 
this Section, we will determine Ai in terms of the internal geometry of Y. 

The ten-dimensional supersymmetry parameters e*-^''^* are related to their four- dimensional 
counterparts e", a = 1, . . . , 4, via 

g(io) 1 = ^ + , e(^°) 2 _ g*+2 ^ ^ _ (3 7) 

We can thus relate the four-dimensional to ten-dimensional supersymmetry variations 
by invoking the relation (B.4). The supersymmetry variations of the ten-dimensional 
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gravitini and dilatini in the Einstein frame read 10 , 36 



96 

1.4^-^n)H^ J2 -^((2n - l)rl^-^- - 2n(9 - 2n)Cr^-^-) 

n 

FM,...M,r-,ia'y/''^^ , (B.8) 



(10) i 



96 

5-2n 



- ^e(^--)^/^ Yl 7^^AA...M.„r*^-^-r^,(a^)}e(^°)^- , (B.9) 



where the are the type IIA field strengths in the democratic formulation and the ma- 
trix Fii is the chirality operator. In the following, we only consider the scalar contribution 



that determine the matrix Ai. From this and (B.4), we compute the four-dimensional 
gravitino variation to be 

n 

^ 8 / y (2n)!v/-* ' mi...m2n'l- ] ) 



(B.IO) 



where the indices m, mj, n and p run over the internal coordinates of Y . We see that the 
components of Ai are given by 



^6 

^1 ~32 ^ Z-^ {2n)\'l+ I -rmi...m2„'/+ ) 

A{2+i)j __3_ / 2<^ 1 ^mi...m2„ p i 

1 32 / {2n)\ l- ^ J- mi...m2„'l- : 



(B.ll) 



where the additional factor of e*^ comes from the Weyl rescaling (3.26). Note that the 
components are related by = A^-^ and Af^'^'^'' = A^^^^^'' . 



We can now use the spinor bilinears (2.4) to express A^ in terms of internal forms. 
More precisely, we have 

(B.12) 
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Taking the product with the spinor bihnear (\l/o)'^^ this reads 

e-P'~P^{{^oT\d{^,)l) = 5^i^^^D^r^l+e'^K"'{D^f^^,)r^t ■ (B.13) 
Similarly, we find 

This gives us an expression for in terms of forms, 

A\' = I [ e^-'-''''{i^o)'^\ (d - H,A){^^)i) . (B.15) 



Inserting (2.4) for the spinors bilinears and writing = | i(o"a)*''-P", we find 



= /" e^-P2'P4x A{KAdKAJ'' + eabJ^ A dJ" - A J") . (B.16) 
Je 

These terms are in fact (up to complex conjugation) the only S'f/(2)-covariant one- 
derivative expressions that can be built out of i^a, K and the J"^. Similarly, we find 
for the off-diagonal entries 

Af+j) ^ I f e^^'(f^+P^y^{{^iJ^y.,F) . (B.17) 



Using (B.16), we can now discuss the amount of supersymmetry the vacuum preserves 
depending on the internal geometry. We will here focus on the case of vanishing internal 
field strengths F and H^. Then, Ai is block-diagonal and one can discuss each N = 2 
subsector individually. Since the two components of Ai are identical up to complex 
conjugation, we can only have = 4, = 2 or non-supersymmetric vacuaj^ For an 

= 4 Minkowski vacuum, we need both K and the J° to be closed, and we find that 
the manifold is K3 x T^. If we want to have at least an = 2 supersymmetric vacuum, 
the discussion is rather similar toN = 2^N = l supersymmetry breaking as discussed 
in 30 . A requirement for an A^ = 2 Minkowski vacuum therefore is that A*/, given in 
(B.16), should be of rank one. Supersymmetry should then impose that the variations of 
A^ have similar properties. 

If we restrict ourselves to the supersymmetry related to rji, then P~ = A\^ becomes 
(up to a Kahler prefactor) the holomorphic superpotential of an SU (3) structure defined 
by rji, as first proposed in [9j, with the definitions 

J=J^ + liKAK, n = K A{J^ + iJ^) . (B.18) 

For this supersymmetry to be unbroken, the variations of A\^ with respect to the space- 
time scalars must hence be set to zero. This is equivalent to the Calabi-Yau conditions 

dJ = 0, d^] = 0. (B.19) 



16 



In the presence of Ramond-Ramond fluxes, vacua preserving A'^ = 1 or = 3 are no longer excluded. 
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Spontaneous partial supersymmetry breaking requires furthermore that and its ana- 
logues in the supersymmetry variations of the spin-1/2 particles vanish in the vacuum. 
From (B.16), we find that 



-P2- 



p^VL a Ck^ + JAJAdK. 



(B.20) 



This vanishes on a Calabi-Yau manifold. From (B.5), one can deduce that the terms 
appearing in the other fermion variations are not, as one might expect, variations of P^ 



(which do not vanish). They are instead also proportional to (B.19), thus ensuring that 



we find partial supersymmetry breaking on Calabi-Yau backgrounds. 
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